An investor is estimating net present value of a firm project and performs risk analysis. Usually it is created portfolio hierarchies and make comparison of variants of project based on these hierarchies. Then one finds that portfolio which corresponds to the particular needs of individual groups within the firm. We have formulated a new type of NPV analysis based on the fact that normal distribution of NPV is observed for some projects in some industries. The expected risk of the project is given by variance, in which there is σ n the standard deviation of the year n cash flow, σ I the standard deviation of the investment I in the time zero, ρ I,n the correlation coefficient of the year n cash flow deviation from the average and of the investment I at time zero deviation from the mean investment at time zero, ρ n,n the correlation coefficient of the year n cash flow deviation from the average and of the year n cash flow deviation from the average. The aim function of the investor into the project was found. The investor is characterized by the constant A. The larger constant A the larger preference is given to the project NPV and the larger acceptable risk of the project, and vice versa. We have found that there are contributions in which we have the aim-function-like contribution to the aim function, which is discounted and in which the risk of the n-th year risk is discounted in the second order. Further there is aim-function-like contribution to the aim-function which comes from the initial investment I and its risk σ 
Introduction
A social group of investors investing in a firm project and of buyers buying products of the firm project is characterized as any general group [1] - [5] . We assume that individual behaviour of investors and buyers is influenced by the need to associate with other investors and buyers (agents) to obtain the approval of other agents in the group of agents which is characterized by large nonrational and emotional element in decisions. Making decisions an agent equates own needs with those of the other agents from the group. Agents from the group may interact. The interaction of investors and buyers consists of the exchange of information and it costs some money. The exchanged information is assumed to be well defined, and we assume that agents interact in such a way that they give reference to the origin of the information if asked by other agents. The information is thus private [6] .
Net Present Value of the Project
An investor is estimating NPV (net present value) of a firm project. Then he/she performs risk analysis. In [7] it is described for example how software SAP for Banking controls risk on the market. Static and dynamic risk control of market risk is focused either on the NPV calculations or on periodic results. The software enables to manage the risk for interest rate changes, currency fluctuations, market volatility and other quantities. Analysing of NPV and Value at Risk (VaR) the software measures and controls market risk using different simulation scenarios. Quick recognition of any profit risk and profit-and-loss calculations is based on combining gap analysis and strategy management possibilities included in this software. It is possible to obtain the balance sheet view of risk. Gap analysis enables to control the liquidity risk. Static analysis of market risk for the firm (bank) is based on existing portfolios or exposures. The software enable to calculate NPV for different bank products, then using scenarios for development of yield curves, volatility or exchange rate simulations, it is possible to perform VaR analyses (Monte Carlo f.e.), historic simulations, variance and covariance calculations. This scenarios may be tested on the historical data. Then it is possible to create portfolio hierarchies and make comparison based on these hierarchies. Then one can use this analysis to find that portfolio which corresponds to the particular needs of individual groups within the firm (bank). Thus this software provides consistent management of the market and default risk, see [7] . As we can see the software enable to create various scenarios of development and to choose that product which corresponds to the needs of the group.
Recently [8] published NPV-at-Risk method in infrastructure project investment evaluation. Authors note that an investment in privately financed infrastructure projects requires careful consideration which take into account high levels of financial, political, and market risks. A systematic classification of existing evaluation methods by the authors has shown that it is possible to develop a new method the net-present-value-at-risk (NPV-at-risk) method by combining the weighted average cost of capital and dual risk-return method. The authors evaluate two hypothetical power projects and have shown that their method can provide a better decision for risk evaluation of, and invest-ment in, privately financed infrastructure projects. For systematic classification of existing evaluation methods see in this paper.
There are evidences that distribution of Net Present Value (NPV) of the same projects in the same industry has normal distibution [9] - [29] However there exists also evidence that this distribution may be in some cases different from the normal distribution, see the literature cited for discussion. Then there is an interesting problem: how the behaviour of distribution of NPV of a firm projects may be characterized for a given firm project in a given industry. Another interesting problem is how to describe NPV of a firm project taking into account the risk of the project using characteristics of the distribution of NPV of firm projects.
While the first problem is difficult, there is not enough data for various firm projects in various industries, the second problem may be solved for those firm project NPV of which is normally distributed. So in this paper we will assume that the distribution of NPV of firm projects is normal. It is however clear that this is not true for all possible projects, see references above for discussion this point.
One can ask now whether an opposite type of analysis to those described above does not correspond better to reality. We will not develop various scenarios and then choose the most convenient for the investor, we will assume that the group (firm) is characterized by a risk aversion characteristics, which is intrinsic to this group (firm) and then using an aim function we will perform the analysis of the project in which the NPV, its risk and an aversion of the investor are included. This type of analysis is used in fact for analysis of NPV for investment into shares and bonds on capital markets. In general an investment on a capital market may be considered also as a firm project. It is known that on liquid developed markets in equilibrium there exists equivalence between investing into the shares financing a given firm project and investing directly into the firm project. In this paper we thus formulate such a type of analysis of NPV and risk of investment into project which is based on the aim function as in the case of shares in the Markowitz model [30] - [33] .
It is known that there exists normal distribution of NPV of projects in some industries, see in [9] - [29] . In some case this distribution seems not to be normal as we mentioned. We will consider the first case here in this paper only.
It is assumed that, for simplicity, there exists an investment I /which is a negative value if it is an investment of the investor for which other sources of investment like grants, subsidiarisation, etc., are less then his own sources, and it is positive if it is an inverse situation/ in time zero, and that there is a cash flow CF n from the project every n-th year. The project life-time is assumed to be N years. Then the NPV of such an investment is
The estimation of NPV in (1) is usually such that it is assumed that cash flow CF n in the year n has certainty to realize in the future with probability 1. It is assumed that the investment I has certainty to realize in the near future /time zero/ with probability 1. This is a simplification, neverthless this assumption is used to be used. This assumption is however in general not true. Investors then have to perform Risk and Sensitivity Analysis of the type described above, or similar with various scenarios, however assuming certainty to realize the investment and the cash flows with probability 1 in every possible case of scenario. We do not consider here exclusive cases of an investment and cash flows. Then investors consider variations of the investment and cash flows for the same case. To consider which project is for a given investor the most profitable at a given expected risk, or which project is the less risky for an expected profit one should consider uncertainty in looking for such an optimal project. Uncertainty in cash flows and /in principle also in the investment in the time zero/ lead investors in fact to work with expected cash flows for the future periods, and with expected investment I in zero time. Expectations of investors should include not only expected cash flow for every year n and for the expected investment I in the zero-th year, but also expected risk of net present value σ 2 N P V . Most of the projects has normal distribution of NPV as we mentioned above. So we will assume in the following in this paper that this distribution of NPV for projects /in a given industry/ is a normal distribution. Note that NPV of a project contains for every year cash flow which is usually positive /however it may be also negative/ and the initial investment is a negative return usually /however, as we already discussed it may be also a positive quantity/.
There exists a mean value of the NPV for projects of the same type in a given industry because we consider projects of the same type in one industry for simplicity. More complicated cases of different projects in the same industry, and of projects in different industries may be described generalizing our description assuming, that there is a liquid market with projects. Less liquid market of projects we do not consider here. Note that the mean value of the NPV, N P V of the project is given by
The Risk of the Net Present Value of the Project
The risk of the NPV of the project is for normal distribution of NPV characterized by a variance of the NPV of the project. If we consider M time periods over which we calculate the variance of the project /we consider an industry in which there are investments in the project of the same type over longer time period -M time periods/. Then the variance is defined as
Here N P V i is the NPV of the project in time i. We assume the liquid market with projects, so we can assume that at every time i there is a possibility to invest in the project. We will average over projects which start in different time i. There is a rare case that the same project in the same industry starts exactly at the same time i. So we will not consider this possibility.
We can rewrite the difference in the definition of the variance
where CF i n is the expected value of the cash flow in the year n and in the time i /time on the market with the project/, and where I i is the expected investment into the project in time i /time on the market with the project/. Here I is the mean value of the investment I into the project over the time on the market with the project. The quantity CF i n is the value of the cash flow CF into the project as it is expected in the year n and i denotes that we consider the time on the market with the project.
The expected risk of the project is then, substituting from (4) into (3), written in the form
The expected risk of the project may be written from (5) in the form
where σ n is the standard deviation of the year n cash flow, σ I is the standard deviation of the investment I in the time zero, ρ I,n is the correlation coefficient of the year n cash flow deviation from the average and of the investment I at time zero deviation from the mean investment at time zero, ρ n,n is the correlation coefficient of the year n cash flow deviation from the average and of the year n cash flow deviation from the average.
We can see from the (6) that the risk of the cash flow and the zero time investment is a sum of the discounted risk of the risk of the year n cash flow, of the zero time investment risk, of the risk associated with the correlation of the zero time investment I and the year n cash flow and of the risk associated with the correlation of the year n cash flow and the year n cash flow. The later two terms are discounted correspondingly. Thus the risk of the NPV of the project consists of discounted contributions of the cash flow risks and correlations. The larger the rate of return in discounting coefficient, the smaller contribution from the risk of the year n cash flow, from the year n cash flow deviation from the average correlation with the zero time investment I deviation from the average and from the year n cash flow deviation from the average correlation with from the year n cash flow deviation. The smaller the rate of return in discounting coefficient, the larger contribution from the risk of the year n cash flow, from the year n cash flow deviation from the average correlation with the zero time investment I deviation from the average and from the year n cash flow deviation from the average correlation with from the year n cash flow deviation.
The Aim Function of the Investor into the Project
The investor has an expected NPV of the project. To estimate this expected value we will use the historical values of NPV of the project in the industry. To describe the expected risk of the project we will use the historical value of the risk of the project. We assume thus that expected NPV and expected risk of the project do not differ too much from recent historical data on projects with N years of their life. This assumption is good for projects for which N is larger than let us say two business cycles. This assumption is good also for projects in which N is two-three months. The assumption is expected not to be good for projects in which N is nearly one to three years because the business cycle leads to different behaviour of such projects in recent period with respect to the period in the next one to three years. The investor is characterized by the constant A, which is nonnegative. The larger constant A the larger preference is given to the project NPV and the larger acceptable risk of the project. The smaller constant A the smaller preference is given to the project NPV and the smaller acceptable risk of the project.
The aim function has the form
The aim function can be rewriten now into the form using (1), (5) and (7):
n=N.n=N n=1,n>n ρ n,n σ n σ n 1 (1 + r) n+n (9) As we can see there are contributions in the sum which have the aimfunction-like contribution form to the aim function, which is discounted and in which the risk of the n-th year risk is discounted in the second order. This is the first term in (9) . The second term in (9) contains aim-function-like contribution to the aim-function which comes from the initial investment I and its risk σ 2 I . However the investment is a negative cash flow (expected). The third term in (9) contains the contribution of the cash flow risk (as standard deviation) in the n-th year and the investment risk (as standard deviation) and the correlation coefficient ρ I,n between the returns of the investments I in the year 0 (for a set of the same projects) with respect to the mean investment I in the year 0 (for a set of the same projects), and the cash flow in the year n minus a mean cash flow (for a set of the same projects). This contribution contains discounting coefficient in the n-th order. The last term contains the contribution of the cash flow risk (as standard deviation) in the n-th year and the cash flow risk (as standard deviation) in the n'-th year and the correlation coefficient ρ n,n between the returns of the cash flow in the year n' (for a set of the same projects) with respect to the mean cash flow in the year n' (for a set of the same projects), and the cash flow in the year n minus a mean cash flow (for a set of the same projects) for the same year.
We can distinguish several cases in the aim function (9) to understand better the processes behind it. For simplicity we can consider the case in which ρ I,n = 0, i.e. the returns of investment in the year 0 and the returns of the cash flow in the year n are uncorrelated. This case is not realistic too much, however using it we can discuss properties of the aim function F of investors investing into projects easier, and in some cases this assumption is not so much unrealistic: when the cash flow fluctuates too much for the year n for different firms with the same project. This may happen in the industry in which there are firms with large dispersion of cash flows in the year n around some mean value near zero. In general however this mean value may be expected to be positive. This case will be discussed later on.
For simplicity we can consider also the case in which there is almost no correlation between cash flow returns in the year n and in the year n' for general n and n', ρ n,n = 0, . The curve of cash flow dependence on the year of the project may be very fluctuating around zero, and then this our assumption is realistic. In general the curve of cash flow dependence on the year of the project may be fluctuating around some value which is non-zero, mostly positive. This case we will consider latter on.
If we consider the mentioned simple cases of ρ I,n = 0 and ρ n,n = 0, then the aim function (9) takes a simple form:
As we can see from (10) the larger the constant A the more preferred positive cash flow CF n and the larger acceptable risk σn 2 (1+r) n , which is however discounted. The constant A is the same for every year so for the year 0 the larger the constant A the smaller preferred investment I and the smaller risk of the investment I, assuming positive investment I.
Summary and Discussion
An investor is estimating NPV (net present value) of a firm project. Then he/she usually performs risk analysis. In [7] it is described for example how software SAP for Banking controls risk on the market. It is possible to create portfolio hierarchies and make comparison based on these hierarchies. Then one can use these analyses to find that portfolio which corresponds to the particular needs of individual groups within the firm (bank). The software enable to create various scenarios of development and to choose that product which corresponds to the needs of the group. This approach is typical approach for estimating NPV of a firm project and taking into account risk. There are methods which try to improve this approach. One of them was published recently [8] and is using NPV-at-Risk method in infrastructure project investment evaluation. Distributions of Net Present Value (NPV) of the same projects in the same industry has usually normal distibution [9] - [29] in some cases, as it is observed from data. There exists evidence that this distribution may be in some cases different from the normal distribution. Thus there is an interesting problem: how the distribution of NPV of a firm project in a given industry may be characterized for a given firm project in a given industry. Another interesting problem is then how to describe NPV of a firm project taking into account the risk of the project using characteristics of the distribution of NPV of firm projects. With the first problem we do not deal in this paper because there is not enough data for various firm projects in various industries to characterize distributions of NPV. The second problem may be solved for those firm project NPV of which is normally distributed. In this paper we assumed that the distribution of NPV of a firm project in a given industry is normal. This assumption is not true for all possible projects. We have used in our paper an opposite type of analysis to those described above and described in literature. We do not develop various scenarios and then choose the most convenient scenario for the investor, we will assume that the group (firm) is characterized by a risk aversion characteristic, which is intrinsic to this group (firm) and then using an aim function we may perform the analysis of the project in which the NPV, its risk and an aversion of the investor are included. This type of analysis of NPV is used in fact in analysis of NPV for investment into shares and bonds on capital markets. Note that in general an investment on a capital market may be considered also as a firm project. It is known that on liquid developed markets in equilibrium there exists equivalence between investing into the shares financing a given firm project and investing directly into the firm project. In this paper we thus formulated such a type of analysis of NPV and risk of investment into project which is based on the aim function as in the case of shares in the Markowitz model and which takes into account risk aversion of the firm. The analysis is based on the fact that normal distribution of NPV is observed for some projects in some industries. While this formulation is new approach how to analyse NPV and it is quite straightforward, the aim function for agents investing into firm projects /and for agents buying products of this project and reselling it further which is a kind of arbitrage process on the market with a given project in a given industry/ may be futher generalized which will not be done in this paper to describe analysis of NPV for which normal distribution is absent.
We assumed that, for simplicity, there exists an investment I /which is a negative value if it is an investment of the investor for which other sources of investment like grants, subsidiarisation, etc. are less then his own sources, and it is positive if it is inverse situation/ in time zero, and that there is a cash flow CF n from the project every n-th year. The project life-time is assumed to be N years. The NPV of such an investment is calculated using well known expression. The estimation of NPV is then such that it is assumed that cash flow CF n in the year n has certainty to realize in the future with probability 1. It is assumed that the investment I has certainty to realize in the near future /time zero/ with probability 1. Investors then have to perform Risk and Sensitivity Analysis of the type described above, or similar with various scenarios. They are assuming for every scenario certainty to realize the investment and the cash flows with probability 1. Then investors consider various scenarios of the investment and cash flows for the same project. Note that we do not consider in this paper the case with investment and cash flow from different possible excluding mutually projects. To consider which project is for a given investor the most profitable at a given expected risk, or which project is the less risky for an expected profit one should consider uncertainty in looking for such an optimal project. Uncertainty in cash flows and /in principle also in the investment in the time zero/ lead investors in fact to work with expected cash flows for the future periods, and with expected investment I in zero time. Expectations of investors should include not only expected cash flow for every year n and for the expected investment I in the zero-th year, but also expected risk of net present value σ 2 N P V . As we mentioned above most of the projects has normal distribution of NPV. So we assumed in our paper that this distribution of NPV for projects /in a given industry/ is a normal distribution. NPV of a project contains for every year cash flow which is usually positive /however it may be also negative/ and the initial investment is a negative usually /however, as we noted it may be also a positive quantity/.
There exists a mean value of the NPV for projects of the same type in a given industry. In our paper we consider projects of the same type in one industry only. We assume, that there is a liquid market with the project in the industry. We have found the mean value of the NPV, N P V of the project. Then we discussed the risk of the NPV of the project. The risk of the NPV of the project is for normal distribution of NPV a variance of the NPV of the project. We calculated the variance of the project. We consider an industry in which there are investments in the project of the same type over longer time periods. We considered N P V i , the NPV of the project starting in time i. We assumed the liquid market with projects, so we can assume that at every time i there is a possibility to invest in the project. We averaged over projects which start in different time i. The rare case that the same project in the same industry starts exactly at the same time i was not considered here.
We have found the difference of the NPV and the mean value of NPV N P V . The expected risk of the project was then found. It is given by variance, in which there is σ n the standard deviation of the year n cash flow, σ I the standard deviation of the investment I in the time zero, ρ I,n the correlation coefficient of the year n cash flow deviation from the average and of the investment I at time zero deviation from the mean investment at time zero, ρ n,n the correlation coefficient of the year n cash flow deviation from the average and of the year n cash flow deviation from the average. The risk of the cash flow and the zero time investment was found to be a sum of the discounted risk of the year n cash flow, of the zero time investment risk, of the risk associated with the correlation of the zero time investment I and the year n cash flow and of the risk associated with the correlation of the year n cash flow and the year n cash flow. The later two terms are discounted correspondingly. Thus the risk of the NPV of the project consists of discounted contributions of the cash flow risks and correlations. The larger the rate of return in discounting coefficient, the smaller contribution from the risk of the year n cash flow, from the year n cash flow deviation from the average correlation with the zero time investment I deviation from the average and from the year n cash flow deviation from the average correlation with from the year n cash flow deviation. The smaller the rate of return in discounting coefficient, the larger contribution from the risk of the year n cash flow, from the year n cash flow deviation from the average correlation with the zero time investment I deviation from the average and from the year n cash flow deviation from the average correlation with from the year n cash flow deviation.
The aim function of the investor into the project was found. The investor expects an NPV of the project. To estimate this expected value we may use the historical NPV of the project in the industry. To describe the expected risk of the project we may use the historical value of the risk of the project.
We assume thus that expected NPV and expected risk of the project do not differ too much from recent historical data on projects with N years of their life. This assumption is good for projects for which N is larger than let us say two business cycles. This assumption is good also for projects in which N is two-three months. The assumption is expected not to be good for projects in which N is nearly one to three years because the business cycle leads to different behaviour of such projects in recent period with respect to the period in the next one to three years.
The investor is characterized by the constant A, which is nonnegative. The larger constant A the larger preference is given to the project NPV and the larger acceptable risk of the project. The smaller constant A the smaller preference is given to the project NPV and the smaller acceptable risk of the project.
The aim function explicit form was found. In this form we have found that there are contributions in which we have the aim-function-like contribution to the aim function, which is discounted and in which the risk of the n-th year risk is discounted in the second order. Further there is aim-function-like contribution to the aim-function which comes from the initial investment I and its risk σ 2 I . The investment is a negative cash flow (expected) usually. The contribution of the cash flow risk (as standard deviation) in the n-th year and the investment risk (as standard deviation) and the correlation coefficient ρ I,n between the returns of the investments I in the year 0 (for a set of the same projects) with respect to the mean investment I in the year 0 (for a set of the same projects), and the cash flow in the year n minus a mean cash flow (for a set of the same projects) are also present in the aim function. This contribution contains discounting coefficient in the n-th order. The last term contains the contribution of the cash flow risk (as standard deviation) in the n-th year and the cash flow risk (as standard deviation) in the n'-th year and the correlation coefficient ρ n,n between the returns of the cash flow in the year n' (for a set of the same projects) with respect to the mean cash flow in the year n' (for a set of the same projects), and the cash flow in the year n minus a mean cash flow (for a set of the same projects) for the same year, again discounted.
To understand better the aim function and the processes behind it we may consider several simplified cases. For simplicity we can consider the case in which ρ I,n = 0, i.e. the returns of investment in the year 0 and the returns of the cash flow in the year n are uncorrelated. This case is not realistic too much, however using it properties of the aim function F of investors investing into projects may be understood easier. In some cases this assumption is not so much unrealistic: when the cash flow fluctuates too much for the year n for different firms with the same project. This may happen in the industry in which there are firms with large dispersion of cash flows in the year n around some mean value near zero. In general however this mean value may be expected to be positive.
For simplicity we can consider also the case in which there is almost no correlation between cash flow returns in the year n and in the year n' for general n and n', ρ n,n = 0, . The curve of cash flow dependence on the year of the project may be very fluctuating around zero, and then this our assumption is realistic. In general the curve of cash flow dependence on the year of the project may be fluctuating around some value which is non-zero, mostly positive.
If we consider the mentioned simple cases of ρ I,n = 0 and ρ n,n = 0, then from the aim function it follows that the larger the constant A the more preferred positive cash flow CF n and the larger acceptable risk σn 2 (1+r) n , which is however discounted. The constant A is the same for every year. Note that for the year 0 the larger the constant A the smaller preferred investment I and the smaller risk of the investment I, assuming positive investment I. Thus we have described the aim function of NPV for investors investing in a project from an industry in the case in which the distribution of NPV is normal one. This aim function may be used in analysis of NPV and risk of a project for investors differing in preference with respect to risk. That investmet and cash flows are the most acceptable for an investor with a given constant A which give the minimum of the aim function.
